Chapter 4 and beyond: Learning about distributions
from finite data
Part 2, Wed 13 July

Jess Kunke

MATH/STAT 394: Probability | (Summer 2022 A-term)
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Weak law of large numbers

» Setting: an experiment consisting of a series of iid tnals X/‘ s fn (\,
» Recall the definition of the empirical mean: Q"/ ot
/7 X { ( W»’ S§
X1+ ...+ Xn o QY ;Wv

X, = -
= eshinefe s&’ \>
for X ¢ X where X is a RV that models a single trial in our experiment

> If ;1 is the mean of X and ¢ is its variance, then E[X,] =y and
Var(X,) = o?/n.

» For any number £ > 0, by Chebyshev's inequality, Q\ _ \&C&’\—% \
Kon—

T N——A— P o
\(r_\;)_ P(Xo—ul>e)< 25 = 0
ne n—oo
"ot

Y This wil help us formalize the idea that X, converges to 1 (next slide)
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Weak law of large numbers

Theorem
Let Xi,...,X, be iid RVs with finite variance o

For any fixed € > 0,
lim P 1 En Xi—pl < =1
n—IH—oo n ] ! ® & o

We say the sample average converges in probability towards the expected value.

2 and finite mean pu.

Interpretation:

No matter how small an interval [u — e, u + €] you choose around g,
as n becomes large, the observed empirical mean will lie inside this interval
with overwhelming probability.
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Strong law of large numbers

It turns out, actually, that an even stronger type of convergence holds:

Theorem (Strong Law of Large Numbers)
Let Xi,..., X, be iid RV with finite mean p.

(ATOO ; ZX )

We say the sample average converges almost surely towards the expected value.
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Strong law of large numbers

It turns out, actually, that an even stronger type of convergence holds:

Theorem (Strong Law of Large Numbers)
Let Xi,..., X, be iid RV with finite mean p.

(JTOO ; ZX )

We say the sample average converges almost surely towards the expected value.

The proof is much more complex; we will not cover it. In this course, we will
focus on the WLLN instead.

Note:

» Almost sure convergence is similar to pointwise convergence in real analysis

» MATH/STAT 395 will cover more about different types of convergence
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WLLN: example .
o %97
Example

Suppose we want to estimate the populagion mean of a RV X using the sample
mean X, over a finite number of independent samples or data points X, ..., X.
Suppose that we know that Var(X) < ¢ for some value c. How large does our
sample need to be (how many data points, or how large does n need to be) in
order for us to be 99% sure that our estimate (the sample mean) is within 0.05

of the correct value?
2 _ fpixﬁl =
_ . =\ Xo) &C.
et N ET)@} \ g Z( \ \fg(f X\/\\ _ Sv\ gg

Ches ollm-p) 2 E T |

ned NSy @(\s?m“r&\4005> > 0.4 .
= wn St ?k\?v\- /0055 0| &~ £=0.0%
\ ; = 0T = Yo D\
Soffiuent gm’%? =000 = N7 " (0.ec)2(0- o)
2=C ?afl\ S o+ = Yxlo Te2 s %=

o’
N 7 Uxet 2 \ Yhon ekt feo wndiHon w2 \/\xro o
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Outline

Normal (Gaussian) distribution



Motivation from the law of large numbers

» When you flip a coin, eventually the frequency of tails you observe will be
the actual probability to get a tail

» We want to quantify the error in our estimate of that probability, or
quantify the number of flips we need to do to ensure the error is below
some amount

» We know that the Chebyshev bound can be loose/uninformative

» How can we model the distribution of the sample mean X, around the true
mean as n — +o00?

» This is given by the Gaussian or normal distribution

2872
w-= <)

A T
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Gaussian distribution

Definition

A RV Z has the standard normal distribution (or standard Gaussian
distribution) if Z has density function

\QQ ™ (x) =

iefxz/2 for x € R.

V2r

We denote it Z ~ N(0,1) since it has mean 0 and variance 1.

ot « )

Vir \Q\“ .

¥y =p(x)
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Gaussian distribution

Sanity check:
> |s the pdf of the Gaussian distribution a valid pdf? (properties?)
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Gaussian distribution

Sanity check:
> |s the pdf of the Gaussian distribution a valid pdf? (properties?)

Lemma

+o00o B 2/2
/ e “dx = V2m.

— 0o

Derivation: The trick is to compute the square of the integral as a double integral and switch to
polar coordinates

+o00 2 2 +oo 2 +o00 2
([ Jerma) = ([ ere) ([ e)
— oo — o0 -
oo  [Hoo 2 2
:/ / e X /2y /2dxdy
—oo J—o0
27 +oo 2
:/ / e~ 2rdrd
0 0
27 +oo 27
:/ [7e_'2/2} d9:/ 6 = 21
0 0 0

where we used the change of variable x = r cos(6), y = rsin(0) (i.e. we used polar coordinates),
such that x? + y? = r?, dxdy = rdrd6 and the bounds go to 0 to 4+oo for the radius r and 0 to 27
for the angle 6.
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cdf of Gaussian distribution

» There is no closed form expression for the standard normal cdf!
» We'll denote the cdf by

q) t / 7)(2/2
\/27‘(

8/29


Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User


cdf of Gaussian distribution

» There is no closed form expression for the standard normal cdf!
» We'll denote the cdf by

q) t / —x2/2
X
\/27r

» So how do we compute the cdf ®(t) for a value t? Lookup tables (e.g.
textbook) or statistical software (e.g. pnorm in R)

» By symmetry of the distribution, for any t,

O(—t) = L /_t e Pax = L /+°<> e Pdx =1 (1)
\/27'(' — 0 \/271' t

» Example: What is the probability that |Z| < 17

y =) //‘\? L@7 2 L 0)

9
M\z\% -2 ls /®Z ;3,\*33/29
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Lookup table (see also the back of your textbook)

W@&—b\

Table entry for Z Is the area under the standard normal curve

9976

9987

tothe left of Z.

9793 9798
9838 9842
9875 9878
9904 9906
9927 9929
9945 9946
9959 9960
999  .9970
9977 9978
9984 9984
9988 9989

o756

9911
9932

.9962

.9979
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Gaussian Distribution

AN

Example
Let Z ~ A(0,1). Find P(—1 < Z < 1.5).

priezets) - Elis) ~ B LY
—
B0 -(1-2W) = g0 # 2O

_o0.94332 4 0.34IT —

= 0.37US. A, pab-
0 0.
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Gaussian distribution

Lemma
If Z ~ N(0,1), then E[Z] =0 and Var(Z) = 1.
P First check that E[Z] is well defined, which means showing that E[|Z]|] < +o0.
For that one shows that fi'zz |x|efxz/2dx =2 f0+°° xe= % /2dx = 2 is finite
P Then since the pdf of Z satisfies 1)(x) = ¢ (—x), we have that (¢ is the pdf of Z)
a 0 a a a
/ xp(x)dx = / xp(x)dx + / xh(x)dx = —/ xp(—x)dx + / xp(x)dx =0
. —a 0 0 0
P Therefore E[Z] = 0

2
P On the other hand by integration by parts, i.e., fab flg = [ﬁg]laJ — f: fg' for f(x) = —e ¥ /?
and g(x) = x.

1 too 2
E[Zz] = E / xPe ™ 2dx
—o0
1 +oo +oo
- [Xefxz/ﬂ —/ e 2dx
\/27\' — 00 —oo
T

1 +oo 2
= — / e X 2dx =1
2 —o0

12/29



Gaussian distribution
Can we generalize the standard normal distribution?
Example
Let Z ~N(0,1) and let X =0Z + p for o > 0, € R.

C e el (T vt
1. Compute E[X], Var(X). — rtmomber eypecqhtn U Linear | \prlomet i e N
2. Compute the pdf of X. E (w0 = aeldl bl | Vo (a3 rb) = 67 VarbX)

ELx< - E[VZHA\_I = U’EKZ]J,V\, —rotrm =

Ve (%) = Nar (6Zrp) = o~ Vor (2) = e %M‘
F ) = PUXEx) = plszhp o) =R(Z < &gg}:g.
) Y -1\ = 1 - Lﬁ:ﬁlBl%:
L =F )=ty )==c¢
- — (x-p)> /257 (
- ar & ‘ 64/\(/7*[) e
T dishnl b
a | 51, L / /
£ L2 g Bl o)
s Y % 13/29
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Generic Gaussian distribution

» From the standard normal distribution, we can define a whole family of
normal distributions as X =o0Z +

» These distributions are entirely characterized (parameterized) by their
mean and their variance

Definition
Let o € Rand o > 0, a RV X has the normal/Gaussian distribution with
mean p and variance o2 if X has the pdf

f(x) = L oGom/eoh) gy eR.

e
V2ro?
We denote it X ~ N (1, 0?).

ey x~/u(0m’ o)
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Generic Gaussian distribution

y
o
o [
Example Qomt  prmhts:
Let u €R, 0 >0 and X ~ N (u,0?) '>

Let a # 0 and b € R, show that Y = aX + b ~ N (au + b, a°c?).
In particular what is the dist. of Z = %?

Firsh conmder >0 " 4
w—»v(axw@:ﬂ% G\BJ’FA “> N
# e R ()= 2 -l /RS
=" e ne) "m0 & e

—_— mw
A
,pQUnu\} S\ m N‘f;{’.f pﬁf‘ N <O . ’ //
L po— 1)
0
g dackdin O b :'\JU*\B
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Generic Gaussian distribution

From generic to standard normal

» Computing prob. of X ~ N (u, ) can be done by using the cdf of the

standard normal dist.

P(XE[cxb]):P(asxsb):P(a_“sX‘“sb"‘

g g

a—p

. P(Xe[a,b]):d)(b;’u)—CD(

(o

)

g

).
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Classical quantiles

» if X has a normal distribution,
> about 90% probability X falls within 1.645 SD of the mean,
» about 95% probability X falls within 1.96 SD of the mean,
> about 99% probability X falls within 2.576 SD of the mean.
» How does this compare to what you found with the standard normal?
> The probability of X falls 4, 5, or more standard deviations away from the
mean is very low. 9
Y a5 le
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Summary
Weak law of large numbers (WLLN)
Let Xi,..., X, be iid RVs with finite variance ¢ and finite mean s.
For any fixed € > 0,
< E> =1
1

x)= —— —x2/2
¢( ) me

> cdf ®(x) not available in closed form but given by tables
> E[Z] =0, Var(Z) =1

1’1
lim P([=" X —
e ([33x-

Standard normal/Gaussian distribution
> Z ~ N(0,1) has pdf

Normal/Gaussian distribution
> X ~ N(i,0?) has E[X] = p, Var(X) = o2, and pdf
Flx) = e b2

V2mo?

» X can be constructed from Z via X =0Z 4+ pu, and Z =

X—p
o
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Normal Approximation

Motivation
» We turn back to our original motivation:
How close is the empirical mean to the true mean of a RV?

» We know that for n iid observations X; 8 X of X,
1. Xp = Mgnverges to E[X] (law of large numbers)
2. the variance of X, is Var(X)/n
» We can use concentration inequalities such as Chebyshev to bound

P(IX» — E[X]| > ¢)

forany e >0
» Could we know more than that?
> Could we know the whole distribution of X, around E[X] as n — +o0?

19/29



Normal approximation

Idea

> Isolate the unknown information about X, by standardizing X,
Definition
Let X be a RV with finite mean p = E[X], centering X consists in considering
Y=X—pu

s.t. E[Y]=0.
For X with finite standard deviation o, standardizing X consists in considering

z=X=nr
ag

s.t. E[Z] =0 and Var(Z) = 1.

Example
We already saw that standardizing X ~ N (y, 0%) yields Z = 2= ~ N/(0,1).

20/ 29



Normal approximation

Standardizing the empirical mean
For n iid observations of X, i.e., X; i X, with p = E[X], Var(X) = o?
the standardized empirical mean is 2

Yn_E[Yn] _ 7{1_“ \/DL(_ (/%m %
Var(X,) o/v/n u

Vi,
g

Z, =

such that
Xo=p+

Question
Now, what could be the distribution of Z, as n — +00?
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Normal Approximation

Bernoulli case
, . iid .
> Let's look at a simple example: X; ~ Ber(p), in that case,

Sa/n—p Sh—np
Zn = =
Vel —=p)/n /np(1—p)
with S, = X1 + ...+ X, ~ Bin(n, p).
» The pmf of Z, is then given by

np(1 — p)

P(z,,:k_"p> — P(S.= k) for k € {0,..

b
A

.n}

0.12)
o 0.08]

0.10]
0.20]
0.06]

0.04

Probability

Probability

Probability

0.10

0.02
0.05 0.02
0.002"

0.00{* "

]

0.00L2
1 0 0

Plots of pmf of Z, for p = 0.4 and n = 10,50, 100
— Looks like the bell of a Gaussian distribution!
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Normal Approximation

0.03

=
o
)

Probability

0.01

0.00

-2 0 2

Bullets: pmf of Z, for p = 0.4 and n = 500
Red curve': X ~ N(0,1)

1See additional slides for more details on how the plot is done
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Normal approximation

Theorem (Central Limit Theorem (CLT) for binomial random variables)
Let 0 < p < 1, consider n iid observations X; Ly Ber(p) of a Bernoulli RV.

The distribution of the standardized empirical mean

X, —EX] _ S.—np
\/Va,(yn) Vnp(1=p)’

where S, = X1 + ...+ X, ~ Bin(n, p) and X, = S,/n,

converges to the distribution of a standard normal distribution,
i.e., for any —oo < a < b < +4oo,

Z,

b

1 )
lim P(a<Z,<b)=Pa<Z<b)= | ——e >/ ?dx
JNm Pla<Zy<b)=Pla< )/‘,,1@

for Z ~ N(0,1).

Notes:

» Compared to the law of large numbers, this is a limit in distribution,
i.e., as n — 400, we get a formulation of the prob. in terms of a fixed pdf
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Normal approximation

Application

» Previous theorem can be used to approx. the distribution of a binomial

(which could be hard to compute as n — oo because of the choose numbers)

» Previous theorem is still only valid for a limit, below is a practical rule
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Normal approximation

Application
» Previous theorem can be used to approx. the distribution of a binomial

(which could be hard to compute as n — oo because of the choose numbers)

» Previous theorem is still only valid for a limit, below is a practical rule

Lemma
Suppose that S, ~ Bin(n, p) with n large and p not too close to 0 and 1, then

P<ag\/%gb> ~ &(b) — (a)

with ® the cdf of Z ~ N(0, 1).
As a rule of thumb the approx. is good if np(1 — p) > 10.
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Normal approximation

Application

» Previous theorem can be used to approx. the distribution of a binomial

(which could be hard to compute as n — oo because of the choose numbers)

» Previous theorem is still only valid for a limit, below is a practical rule

Lemma
Suppose that S, ~ Bin(n, p) with n large and p not too close to 0 and 1, then

P<ag\/%gb> ~ &(b) — (a)

with ® the cdf of Z ~ N(0, 1).
As a rule of thumb the approx. is good if np(1 — p) > 10.

Note:

» We will see that if p is too small even for large n the normal distribution is
not the right approximation of the binomial.
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Normal approximation to the binomial

s ,
(T\? B g‘r’";:vte‘)\“ «&y‘[h\g % oL
Example —dd &@' (-t %wm )

Suppose we roll a pair of fair dice 10,000 times. Estimate the probability thatv)ﬂk
the number of times we get snake eyes (two ones) is between 280 and 300.

X = 4 Snake emg = gum o Ben (. /?b\ Felg oo N
P(ano &Xégoo\ 7 X~ B (lo"

k’m* n_ L XN 30 np
Jp =0 dnp ey Twp (g

6)’/75 )

V\ON"‘M\ p\wm\é.

Too ~ WY 2 3o -wnp
2l s
nell np (1)

i~ W

~ 2§<}(3(1\ _}giow?vl> ~ 0.359%

— k;\?o] L0000, \(?LB; D,?l-lf‘)

{9
?btf\m \’éoo\ (0009 | Wm,\ — P\mho
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Preview: the Central Limit Theorem

We can generalize this beyond the binomial distribution:

Theorem (Central Limit Theorem)

Suppose that we have iid RVs X, ..., X, with finite mean E[X;] = p and finite
variance Var(X;) = o°. Let S, =3, Xi. Then

p ( < S b) ~ O(b) — (a).

The CLT will be covered in greater detail in MATH/STAT 395.
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Details on the plots

Notes

An attentive reader may have noticed that the plot of slide 11 is not the plot of the pdf of a
standard normal distribution, since on 0 the pdf of X ~ A/(0, 1) should be approx. 0.4
Indeed a continuity correction has been used (see lecture 26).

Namely, we have with the notations of slide 10

k — np k—1/2—np k+1/2—np
PlZij=——— | =P| —— <72, < ———
< np(lfp)> (\/np(lfp) o \/np(lfp))
¢<k+1/2—np>_¢<k—1/2—np>
e p) (1= )
()
Vv np(1 — p)

where 1(x) = ef"2/2/\/ 27 is the pdf of X ~ N(0,1)
and | used in the last line that for a function f,

f(x4+1/2) — f(x —1/2) = f'(x)

Q

Q

ith f(x) = & | =2 ).
i ) =@ (e )

So the red curve on slide 11 is the plot of a scaled version of the normal distribution

Namely it is the plot of ;ﬁ((:lp) for x € { \/:,;1":,)’ k e Ao,... n}}
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Details on the plots

Direct visualization
Another way to visualize how much a binomial is close to some normal distribution is to consider

that since S, = np + \/np(1 — p)Z, with Z, ~ N(0,1) (Z, is the standardized empirical mean),
then we should have
Sn &~ N (np, np(1 — p))

The pmf of S, and the pdf of its normal approx. are given below (without any scaling)
Though these plots are more natural, they hide the general reasoning of "standardizing the
empirical mean” which can be applied for any empirical mean (not only the empirical mean of
Bernoulli RV)

0.025
0.02
0.015
0.01

0.005

540 560 580 600 620 640 660

Bullets: pmf of Sigeo ~ Bin(1000, 0.6)
Red curve: pdf of X ~ AN(600, 240)
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